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Variants of Biconjugate Gradient Method for
Compressible Navier-Stokes Solver

Herng Lin,* D. Y. Yang,1" and Ching-Chang Chieng*
National Tsing Hua University, Hsinchu, Taiwan, Republic of China

The variants of a biconjugate gradient method with a preconditioner of incomplete lower upper factorization
are implemented for solving full Navier-Stokes equations with a k-e two-equation model of turbulence and for
resolving the problem of slow convergence, if the widely used approximate factorization method is employed. The
conjugate gradient squared biconjugate gradient stable and the transpose of free quasiminimal residual algorithm
are the selected approaches to speed up the convergence rate and remove the irregular convergent behavior. The
Reynolds averaged Navier-Stokes equations are discretized with an implicit total variation diminishing algorithm.
The superiority of the new schemes is demonstrated by the comparisons of the convergence rate with the three
variant biconjugate gradient methods and by the approximate factorization method for the computations of the
turbulent, transonic, separated flow over an axisymmetric bump, and the projectile of a flat base. The results show
that fast convergence rate can be achieved by the preconditioned variants of the biconjugate gradient methods,
and the residuals can be further reduced as the iterations are continued. This implies that the computation of the
turbulent flow with a two-equation model of turbulence can be a practical possibility in a reasonable computer
time and with very good accuracy.
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Subscripts

Nomenclature
: flux vectors in transformed coordinates
= Jacobian
; turbulent kinetic energy
: length of the body
: Mach number
= viscous flux vectors in transformed coordinates
: vector of dependent variables
= time
= axial and radial coordinate
= normal distance from the solid wall
= turbulent dissipation rate
= transformed coordinates

i ± \, j ± \ - located at the interface of cell
z, j = located on centroid of cell
t = laminar
t = turbulent
oo = freestream value

Superscripts

n = time step level
T = transpose
Q = approximated numerical flux
O = any variable including metric terms

Introduction

T HE conventional Navier-Stokes solvers usually employ an al-
gebraic eddy viscosity model such as the Baldwin-Lomax

model,1 although the use of algebraic eddy viscosity models limit
the applicability of Navier-Stokes solver to relatively simple flows.
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Two-equation models of turbulence are very popular in solving
complex, incompressible, turbulent flows in various engineering
applications and have been applied to high speed compressible
flows such as flows past airfoil at angle of attack,2 compressible
corner,3 cascade,4-5 backward facing step6'7 and airfoil/wing.8'9 The
predictions are in good agreement with experiments. However, it
is found that it is difficult to achieve convergence in turbulent tran-
sonic separated flow computation by employing a k-€ two-equation
model10 or an algebraic Reynold stress (ASM)/£-e two-layer model
of turbulence.11 The slow convergence rate encountered is related to
strongly nonlinear flow phenomena of turbulence. The acceleration
technique is desirable for problems of highly nonlinear systems.

Slow convergence for the solution of a system has been greatly
improved by using the conjugate gradient (CG) methods for many
applications. Preconditioned conjugate gradient, and its generaliza-
tions, have been used for some existing computational fluid dynam-
ics codes,12-13 and Venkatakrishnan14 has applied them to obtain
solutions of the compressible Navier-Stokes equations for subsonic
and transonic flows. Ajmani et al.15 used the generalized minimal
residual (GMRES) method of Saad and Schultz16 for transonic and
hypersonic flow and achieved fast convergence. However, only the
algebraic turbulent model of Baldwin-Lomax is incorporated in
their studies. The acceleration of convergence has not been tested
by the CG-related algorithm for using higher order turbulence clo-
sure. The primary goal of this study is to search out efficient methods
to improve the convergence rate. In recent years, the conjugate gra-
dient squared (CGS) method17 has been recognized as an attractive
iterative method for the solution of certain classes of nonsymmet-
ric linear systems. Recent studies18'19 indicate that the method is
often competitive in convergence acceleration with the GMRES
method and is economical in both storage requirements and com-
puting time. In many situations, however, the CGS method could
face with an irregular convergence behavior especially for iterations
close to the solution. The irregularities in the iteration process may
even spoil the solution. In this study, two variants of the biconju-
gate gradient (Bi-CG) method are employed to avoid this problem,
the biconjugate gradient stable (Bi-CGSTAB) method by Van Der
Vorst18 and the transpose of free quasiminimal residue (TFQMR)
algorithm method by Freund and Nachtigal.19 The incomplete lower
upper factorization20 (ILU) is selected as the preconditioner to im-
prove the rate of convergence in the present study.

The preconditioned variants of the biconjugate gradient method
are implemented to the compressible Navier-Stokes solver with a
two-equation model of turbulence. The present solver demonstrates
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more efficient and exhibits better convergence behavior than the
conventional solvers. Axisymmetric transonic turbulent flow over a
bump and over the flat base projectile are the test problems. The first
test case in challenging in terms of the strength of the interaction
between the shock and the boundary layer and the shock-induced
separation over the bump. The second test case is more difficult
because the flowfield is involved with not only the strength of inter-
action between the shock and the boundary layer but also the struc-
ture of the recirculation flow, the shock wave location, and shock
strength. The base flow computation is also an interesting topic in
fluid dynamics; base pressure is a part of major contribution of drag
for bodies of revolution.

Governing Equations and Numerical Methods
For this study, the time-dependent, mass-averaged, compressible

Navier-Stokes equations for axisymmetric flow are employed. The
two-equation model used here is Chien's k-e model,21 which is
similar to that of Jones and Launder.22 The resulting nondimensional
equations, in conservation law form, can be formulated in curvilinear
coordinates as follows:

dtQ (1)

where Q, E, F, H, M, N are 6 x 1 column matrices. Q is the vector of
dependent variables and Q = Q/J = J ~ { { p , pu, pv, Et, pk, pz}.
The vectors of E and F represent corresponding convective fluxes
and contain the convection and pressure terms,^but the vectors of M
and TV describe diffusive fluxes. The vector of H contains the source
terms associated with axisymmetric coordinates and terms associ-
ated with production, dissipation of turbulent energy, and dissipation
rate. The detailed equations can be found in Ref. 10.

The finite volume approach is used for the formulations of differ-
ence equations. In this study, the total variation diminishing (TVD)
numerical flux (Marten's second-order scheme23) is applied for the
convective term (E, F) and the central difference approximation is
used for the viscous term (M, N). The full Navier-Stokes equations
and k-€ equations are discretized by the implicit backward-Euler
scheme for time derivatives and by the upwind differencing in the f
and 77 directions for spatial derivatives of A± and B±. Equation (1)
can be written in the form24

— [(E- - (E - iJ
A/7 1 (2)

where A+, A~, B+, and B~ are the positive and negative splitting
Jacobian matrices in the f and 77 directions. The source termH asso-
ciated with the turbulence field variables can be very large, and it is
composed of production, dissipation, and decay terms and becomes
dominant over the convection and diffusion terms near the wall. The
Jacobian matrix D is formed by taking the partial derivatives of k-e
source terms H5 and H6 with respect to conservative variables pk
and pe (Ref. 10).

Equations (2) can be rearranged in the following form:

where
)itj = Bitj

IJ = {RHS of Eq. (2)}/Vol/,7-
AiJ = -(At/VoliJ)A+_l_J

Citj = -

(3)

Equation (3) forms a diagonally dominate block pentadiagonal
matrix system of equations, Ax = b, where A is an (NI x NJ x 6) x
(NI x NJ x 6) banded matrix, x and b are (NI x NJ x 6) column
matrices. The system equations can be represented in the matrix
form as Fig. 1. The coefficient matrices A/j, C/t7-, Dfj, Efj, and
Fitj are 6 x 6 square matrices and the right-hand-side matrix Bt j is
a 6 x 1 vector. The unknown (A Q)itj is conventionally evaluated by
using the block Gauss-Seidel method with slow convergence. The
approximate factorization (AF) method is conventionally employed
to achieve better convergence for many Navier-Stokes solvers, but
the present work proposes the use of variants of the biconjugate
gradient iterative method to accelerate and stabilize the convergence;
a comparison will be made with the conventional AF method.

For solving the linear system Ax = b with A symmetric positive
definite (SPD), the classical conjugate gradient method of Hestens
and Stiefel25 is one of the most powerful iterative schemes, espe-
cially when combined with preconditioning techniques. The bicon-
jugate gradient algorithm26 is an extension of the CG method to
a linear system with general nonsymmetry nonsingular coefficient
matrices. The cost of using the Bi-CG algorithm is twice the compu-
tational work for the CG algorithm, and the manipulation between
the AT (transpose matrix of A) and some vectors included in the al-
gorithm causes very cumbersome programming. Several variants of
the biconjugate gradient method have been proposed and recognized
to resolve these negative effects, such as CGS,17 Bi-CGSTAB,18 and
TFQMR.19 These methods are tested and compared for the two test
cases in the present study.

Since convergence acceleration is one of the major concerns for
this study, preconditioning is employed to improve the matrix con-
ditioning due to the high dependence of the convergence rate on the
eigenvalue distribution of the coefficient matrix and the condition
number, i.e., instead of solving the original linear system Ax = b,
the preconditioned conjugate gradient methods solve a related lin-
ear system K~lAx = K~lbby a conjugate gradient method with
an auxiliary matrix K. The matrix production of K~1A has a more
favorite eigenspectrum distribution than A has, i.e., the eigenval-
ues are more clustered near 1 or the condition number of K~1A is
smaller than that of A (Ref. 27). The choice of the preconditioner in
the present study is based on the incomplete factorization of the ma-
trix A, which consists of a strictly block-lower triangular matrix of
A, £, a strictly block-upper triangular matrix of A, U, and a nonzero
block-diagonal matrix £>, satisfying A = (£ + V)V~l (U + £>) + 8,
where 8 is the deviation matrix. The deviation matrix 8 is often
very sparse itself. This factorization method is called the incom-
plete line LU (ILU) factorization. Preconditioning with ILU is done
by choosing K = (C+V)D~l (U+T>) (Ref. 20), where V is slightly
modified form D and is evaluated as follows18:

Vitj = Ditj - EijVrj^Fij-i - AijV^jd-u

The CGS method produces xn iterates of which the residual sat-
isfies rn = P;

2(A)r(), where Pn(A) is a special polynomial of degree
less than or equal to n. The CGS method has been recognized as
an attractive variant of the Bi-CG method for the solution of certain
classes of nonsymmetric linear systems. In many situations, how-
ever, one is faced with quite irregular convergence behavior of CGS,
in particular, in situations when the iteration starts close to the solu-
tion. A more smoothly converging variant of Bi-CG, without giving
up the attractive speed of convergence of CGS, is derived by Van
Der Vorst.18 He modified the relation rn = P^(A)r() by introducing
a special polynomial Qn(A) and the residual vector rn satisfies the
relation rn = Qn(A)Pn(A)rQ. It is the scheme in which the resid-
uals Qn(A)Pn(A)rQ is developed and it uses local steepest descent
steps to obtain a more smoothly convergent CGS-like process. Be-
cause of its similarity to CGS, its favorable stability properties, and
its relation with Bi-CG,30 it was named the Bi-CGSTAB method.
Although Bi-CGSTAB seems to work well in many cases, it still ex-
hibits irregular convergence behavior and a slower convergent rate
than the CGS method for some difficult problems.

Freund19 proposed the TFQMR method which is defined by a
quasiminimization of the residual norm without working with AT.
He demonstrated that the resulting TFQMR method can be imple-
mented very easily by changing a few lines in the standard CGS
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Fig. 1 Block pentadiagonal matrix system of Eq. (3).

algorithm, and the quasiminimization property may remedy the ir-
regular convergence behavior with wild oscillations in the residual
norm resulting from the CGS method. The work and storage per
iteration are roughly the same for all three methods.

Initial conditions are chosen to be a uniform flowfield of
freestream conditions for mean flow equations. The initial condi-
tion to start the k-6 calculations is a uniform field of 2% turbulence
intensity,

,̂ = 1.5(0.02v00)2;

where i^ is the freestream speed.
The characteristic extrapolating technique is applied at the far

field (77 = 77max) and the outflow positions (i.e., f = £max). The
convergence of the present Navier-Stokes solver is reached faster
by this method than by setting a constant of freestream value at the
far field boundary. A no-slip boundary condition is adopted on the
solid surface of the projectile for velocities u and v. The point J = 2
is very close to the wall, hence, the density and pressure on the wall
are set to be equal to the values of node points next to the wall.

For the k-6 calculation, a zeroth-order extrapolation of the k-6
values is used to specify conditions at the outflow and axisymmetric
boundary. For the far field inflow condition, the values of turbulent
viscosity /*„ k, and € are set to be small (i.e., 10~10 for k^ and ̂ t «,,

Results and Discussions
Numerical computations have been made for a transonic turbulent

flow past an axisymmetric circular-arc bump for freestream Mach
number of 0.875 and a unit Reynolds number of 13.6 x 106/m.
The computed results of the mean flow and turbulent properties are
compared with experimental data and with the results using different
implicit methods. The iteration histories using the AF algorithm,
CGS method, and the Bi-CGSTAB and TFQMR algorithms with
ILU preconditioner are compared to the maximum possible Courant
number according to stability restriction.

The grid systems used in the numerical computations are es-
tablished using a hyperbolic solver.28 A schematic diagram of the
axisymmetric bump is shown in Fig. 2a. The circular-arc bump
has a thickness of 1.91 cm and a chord length of 20.32 cm and
is affixed to a thin- walled cylinder of outer diameter 15.2 cm. Its
leading edge is jointed to the cylinder by a smooth circular arc

a)

Fig. 2 Axisymmetric bump: a) geometry and b) 135 x 60 grid.

of 18.3-cm radius, which is tangent to the cylinder 3.33 cm up-
stream and to the bump at 2.05 cm downstream of the intersec-
tion of the bump arc with the cylinder. The grid system around
the bump is a 135 x 60 H-type grid (Fig. 2b) with 45 points be-
hind the trailing edge of the bump. The grid points in the normal
direction are exponentially stretched away from the wall; the first
grid line is at a distance of 0.00001 C (chord) off the wall with a
y+ value of ~0.55; 37 points are inside the boundary layer with
y+ < 7000. The boundaries of the computational mesh extend
4.5C in the normal direction and from -4C to 4C in the flow
direction. The calculated results are compared with experimental
data.29

The convergence histories with different schemes are plotted in
Fig. 3a. The L2 residual, defined as the square root of

Y^Y+^Y+^Y+^Ml I_UJ,. H Ĵ,. H Ĵ,. H^J J/"
displays the overall convergence properties of the flowfields, where
N is the total number of computational cells. The L2 residual by the
AF method is reduced from 10~2 to 10~4 after 4800 iterations, but
it can not be reduced to 10~5 even after another 7000 iterations are
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Fig. 3 Bump case convergence histories.

completed. A small time step (0.6) and a relaxation factor (0.12) for
computing k and € must be applied for the 12,000 iteration steps
to keep the convergence stable using the AF method. The tolerance
level is chosen as 10~5 for each time iteration step; approximately
1-2 iterates for the first 3500 time iteration steps and 3-4 iterates for
later time steps are used for these variants of the BI-CG algorithms.
The larger tolerance level implies a lower number of iterates for
each time step and less CPU time per time step; however, more
time step numbers are needed to reach the same low convergence
level. The convergence may be broken down by using the COS
method if the number of iterates is small (for example, one iterate
per time step) and/or a large time step is used. The BICGSTAB
and TFQMR methods give more stable convergence behavior. The
relaxation factor in computing k and e and <xk and ae, is defined as
pkm+i _ pkm + ak(Apk)m, and pem+1 = p6m +ae(ApOm for the
rath time step. The local time steps using the three variant BI-CG
methods, CGS method, BI-CGSTAB method, and TFQMR method,
can be linearly enlarged to 3.0 up to 1500 time steps, although the
time steps are 0.6 initially for the first 300 steps. The local time
step size is defined as (Ar)ref/(l + V7), where (Af)ref = 3.0 is
equivalent to a CFL number of 345 for this test case. The relaxation
factors for k and e can be set to 1. The L2 residuals are reduced to
10~5 after 2000 iterations and further reduced to 10~9 after another
2000 iterations; however, all three methods wildly oscillate after the
4000th iteration.

The CPU times needed for each iteration using the different im-
plicit solvers are different, i.e., 4.4, 13.3, 13.5, and 15.2 for the
AF method, the CGS method, the BI-CGSTAB method, and the
TFQMR method, respectively, if the computations are performed
by an HP-9000/730 scalar workstation. One "work unit" is defined
as the CPU time required for an iteration step of the AF method.

Each iteration step of the variants of the BI-CG method requires
about 3 work units. The L2 residuals can be reduced almost to a
level of ~10~5 (Fig. 3a) by using the AF method during 12,000
work units, but the residual can be reduced to the same level after
approximately 6000 work units for the BI-CG-like method. A 50%
overall gain in CPU time saved is achieved by using variants of
the BI-CG method if the convergence level of a residual of lO"^5 is
acceptable for this test problem. The computed flowfields are still
changing and oscillating after 12,000 iteration steps and more itera-
tions need to be performed to reach a well-converged solution. The
convergence behaviors of the three variants of the BI-CG method
are very similar; the improvements in the CGS algorithm by using
BI-CGSTAB or TFQMR are very limited for this problem because
of the small time step and the higher number of iterates (3-4) for
each time step used (Figs. 3b-3d).

The emphasis of present study is the convergence characteristics
of the numerical methods and the influence of the convergence level
on the computed results. Figure 4 shows the surface pressure coef-
ficient distributions obtained by the different schemes. The surface
pressure distribution by the AF method after 12,000 steps shows
an insignificant difference from the results of the three variants of
the Bi-CG method after only 3000 iteration steps, although they
are not converged to the same convergence level. The mean veloc-
ity profiles predicted by the different numerical methods at various
axial stations are compared with the measured data in Fig. 5. It
shows that the computed results give good agreement in the region
downstream of reattachment (X/C > 1.25) and before the shock
position (X/C < 0.875). The results by three variants of the Bi-CG
method are close to each other, except for those of the AF method
locally. The turbulent kinetic energy profile predicted by the four
implicit schemes indicates that Chien's k-6 model21 overestimates
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Fig. 4 Surface pressure distributions by different schemes for the
bump case.
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Fig. 5 Velocity profiles at various axial stations by different schemes
for the bump case: M = 0.875; 135 x 60 grid; ————, AF(iter = 12,000);
...... Bi-CGSTAB; o, experiment; - - - -, CGS; — •-, TFQMR.
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Fig. 6 Turbulent kinetic energy profiles at various axial stations by
different schemes for the bump case: M = 0.875; 135 X 60 GRID;
————, AF(iter = 12,000);...... Bi-CGSTAB; o, experiment; - - - -, CG-
SQUARE; —-, TFQMR.

the magnitudes of the peaks (Fig. 6). The turbulent quantity result of
the AF method is also apparently different from that of the another
three solvers. The comparison of the computed results of surface
pressure coefficient, velocity profile, and turbulent kinetic energy
profile shows that the reduction of the convergence criteria lower
than to 10~9 influences only the results of turbulent properties. It
seems that the well-converged methods were not vital, as shown in
this test problem. However, the following test problem will give a
different implication.

Transonic flow past a secant-ogive-cylinder-boat tail (SOCBT)
projectile with a flat base at zero angle of attack is another test-
ing problem with experimental data from Chien and Danberg.30

The flow pattern consists of two zones; one is boundary-layer-type
flow around the projectile, the other is the recirculation zone after
the base. The projectile .model is shown in Fig. 7a with a half-O-
type grid of 133 x 76 points, with 40 points lying on the half-base
(Fig. 7b). The stations with numbers in Fig. 7a are the locations
where the comparisons are made to the different schemes. The first
grid line is at a distance of D = 2 x 10~5 with a y+ value of 0.5.
There are 30 points inside the boundary layer. A small time step of
0.5 and ak = ct€ = 0.12 are used during all 15,000 iterations for the

(1)X/L=0.590
(2)X/L=0.870
(3)X/L=0.902
(4)X/L=0.924
(5)X/L=0.946
(6)X/L=0.967
(7)X/L=0.989

a)

(8)X/L=1.052
(9)X/L=1.086
(10)X/L=1.120
(11)X/L= 1.164
(12)X/L=1.224

b)

Fig. 7 SOCBT projectile a) geometry and b) 133 X 76 grid.
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Fig. 8 Convergence histories by different schemes for the SOCBT case.

0.2

"a-0.4

-0.6

-0.8

M=0.94, Alpha=0 deg
k-eps model(cmu=0.09)
133x76 grid' (SOCBT)

A
- L

A E x .
O Exp.fDanberg]

—— TFQMR(converge)
— - - - - AF(iter=14000)
—— AF(iter= 15000)

0.3

0.1 o

0.5 0.7 0.8
X/L

1.0 1- .5 0
R/Rb

Fig. 9 Surface pressure distributions by different schemes for the
SOCBT case.

AF method. For the computations by the TFQMR method, the time
step can be enlarged linearly from 0.6 to 3.6 between 300 and 2000
iterations and kept at 3.6 after 2000 iterations. The relaxation factors
of ak and a€ are 0.95. The time step size of 3.6 is equivalent to a CFL
number of 300 for this case. The convergent histories by the AF and
the TFQMR algorithms are plotted in Fig. 8. The L2 residuals of
the TFQMR method per iteration steps can be reduced both continu-
ously and much faster than those of the AF method. The L2 residuals
of the AF method can only be reduced to 10~5 after 15,000 iteration
steps and it is difficult to reduce them further, but the L2 residuals
of the TFQMR methods can be reduced to under 10~5 after only
3000 steps and to 10~n after 8000 steps. Since one iteration step of
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Fig. 11 Convergence histories by different grids for the SOCBT case.

the TFQMR method requires 3 work units, there is a 40% gain in
CPU time saved by using the TFQMR method as compared to the
AF method if the convergence level of 10~5 is considered as con-
verged. The computed flowfield parameters, such as surface pres-
sures, velocity profiles (Fig. lOa) and turbulent properties (Fig. lOb)
using the AF method are very close but different for the 14,000th
and 15,000th time steps with an L^ residual level of approximately
10~5. This means that the convergence is not achieved yet.

Figure 9 indicates a small difference on the pressure distribution
on the boattail surface but a significant difference on the base sur-
face between the results by the AF method at the 15,000th iteration
step and the results by the TFQMR method at the 4000th itera-
tion (convergence level of 10~6). This implies that an insufficient
convergence leads to a significant deviation on the base pressure

"a-0.4

-0.6

-0.8

M=0.94, Alpha=0 deg
k-eps model(cmu=0.09)
TFQMR+ILU method

A Exp.fMiller]
O Exp.[Danberg~

—— 133x76 grid
- - - - - 133x151 grid
••••-•• 133x301 grid

0.5

0.5 0 6 0.7 0.8 0.9
X/L

1.0 1. .5 0
R/Rb

Fig. 12 Surface pressure distributions by different grids for the
SOCBT case.

prediction and a small deviation on the boattail pressure prediction.
Figure lOa plots the axial velocity profile at different X/L stations
which are behind the base (X/L = 1) and it illustrates that the dif-
ference of the velocity profiles by the AF and TFQMR methods are
larger at stations closer to the base, i.e., in the recirculation zone.
Furthermore, great differences are observed in the turbulent prop-
erties computed by these two methods, with different convergence
criteria as shown in Fig. lOb with the largest difference located on
the axisymmetric axis.

It is well known that finer meshes result in more difficult conver-
gence. However, grid independence is required for reliable compu-
tation. The recirculating flow behind the base needs a reasonably
large number of grid points for good computation. Two other sets
of grid systems are chosen to perform the computation: 133 x 151
and 133 x 301 points, i.e., more points are implemented in the rj
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Fig. 13 Results by different grids for the SOCBT case: a) axial velocity and b) turbulent kinetic energy profiles.

direction and in the recirculation zone. The time steps for the com-
putation of two finer grids are chosen to be equal to that of the case
of the 133 x 76 grid. Figure 11 shows the convergence histories
of these three grids using the same time step size. The coarse grid
(133 x 76) exhibits the best convergence characteristics but the other
two grids yield the L2 residual flattened and it oscillated after 5000
iteration steps, the finest grid (133x301) starts the earliest and most
severe oscillation. The computations using the AF method with the
two finer grids diverge quickly even with much smaller time steps
(for example, A£ref = 0.05), therefore, the computed results using
the AF method with the finer grids are not included in this paper.
Figure 12 plots the surface pressure coefficients along the projectile
and its flat base. It indicates that finer meshes are needed to achieve
grid independence, i.e., there is an apparent difference of computed
pressure on the base surface although only a small difference on
the boattail surface. Figures 13a and 13b show the mean velocity
profiles and turbulent intensities at various axial stations using dif-
ferent grids; significant differences are observed in the recirculating
flow behind the base, and an insignificant difference is shown on
the boattail except at the station very close to the base corner.

In conclusion, an efficient method such as presently proposed
variant of the Bi-CG method (TFQMR) must be used to obtain a
well-converged result especially if a fine-enough mesh is needed.
Otherwise, there is very little chance to reach grid-independent re-
sults for the second test problem.

Conclusion
Three variants of preconditioned biconjugate gradient methods

have been successfully implemented in the compressible Navier-
Stokes solvers with the k-6 two-equation model for transonic
separated flows. This study concludes that the convergence charac-
teristics are largely improved by the application of the Bi-CGSTAB
method, the TFQMR method and CGS method as compared to the
AF method there is a 40-50% CPU time savings for the two test
cases. The BICGSTAB method is the most highly recommended

among the three variants of the BI-CG method because of a more sta-
ble convergence behavior than the CGS method and less CPU time
with the same convergence rate compared to the TFQMR method.
For the flow over an axisymmetric bump, there is a very slight dif-
ference in the surface pressure coefficient and a slight difference
in the profiles of velocity and turbulent quantities observed if the
LI residual levels using the different numerical schemes can not be
reduced to the same low residual level. For the separated flow over
the SOCBT projectile with a flat base, convergence is very difficult
to achieve, especially for fine meshes if the conventional AF method
is employed. Looking at even the "acceptable" converging results
with some acceptable residual level by using the AF method, these
AF computed results may be apparently different from the well-
converged results obtained by the more efficient methods, such as
TFQMR methods, with a much lower convergence level. For exam-
ple, the parameters such as the distribution of pressure on the flat
base, the computed velocity profiles, and the turbulent properties
in the recirculation zone behind the base, are significantly differ-
ent by AF and TFQMR methods. Therefore, use of the variants of
Bi-CG methods can serve the purpose of fast and well-converged
for transonic turbulent separated flows.
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